In this letter, we show a nilpotent matrix representation of the exterior derivative operator in noncommutative geometry (NCG), by translating the noncommutative relations of the algebraic formalization into the original one. As a result, we can construct the extended gauge theory without complicated algebraic rules nor excessively large differential algebra and non-monomorphic representation.
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The Higgs mechanism in the noncommutative geometry (NCG), proposed by Connes and Lott [1] , is an interesting possibility of the explanation of the Higgs boson. In this picture, the Higgs boson is interpreted as a gauge boson along the fifth dimension, which has the noncommutative differential algebra. This concept is discussed in various theories, e.g., grand unified theories (GUT) [2, 3] , ideas related to extra dimension [4] , theories of gravity [5] , and so on.
To describe this Higgs model, there are several formalizations to represent the noncommutative differential algebra. The original formalism [1] utilizes the "universal differential algebra", which is a generalization of usual differential forms. The shortcomings in this formalism are that the differential algebra is excessively large, and the matrix representation of the differential operator is not nilpotent superficially.
Meanwhile, the algebraic formalization is based on the noncommutative differential algebra, such as dyy = −ydy [6] . In this context, Morita and Okumura [7] constructed a formulation which satisfies nilpotency of the exterior derivative operator d, in general M 4 × Z N model. It contains complicated algebraic rules, called "index shifting rules", which correspond to generalized forms of the relation dyy = −ydy. In this letter, we show a nilpotent matrix representation of the exterior derivative operator in NCG, by translating the noncommutative relations of the algebraic formalization into the original one. As a result, we can construct the extended gauge theory without complicated algebraic rules nor excessively large differential algebra and non-monomorphic representation.
At the beginning, we briefly present the original formulation, which is discussed precisely in the reviews [8] . The "universal differential algebra" is defined as Ω(A) = ⊕ ∞ n=0 Ω n (A) on an involutive algebra A. Each Ω n (A), which corresponds to n-forms in NCG, is generated as:
An involutive representation of Ω(A) is given by the following map π
where D is a matrix which reflects the Dirac operator of the noncommutative space.
For definiteness, we show the case of M 4 × Z 3 , which is utilized construction of SU (5) GUT [2] .
In this formalism, the gauge and Higgs bosons are represented by an image π(ρ) of the one-form
where i is assumed to be finite sum. The fields a i , b i are given as a diagonal matrix
where each a i n , b i n are also matrix-valued functions. The matrix D is given by
where d = ∂ µ dx µ , M † nm = M mn which determines the pattern of the symmetry breaking. Substituting Eqs. (4), (5) and (6) to Eq. (3), we obtain
In components,
However, the nilpotency of the representation is sacrificed superficially,
for arbitrary a(x). In order to remedy this point, a new differential algebra of equivalence class is constructed by factorizing out the non-nilpotent elements [8] .
Meanwhile, Morita and Okumura [7] constructed a formulation which satisfies nilpotency of the exterior derivative operator d, in general M 4 × Z N model. It contains complicated algebraic rules, called "index shifting rules", which correspond to generalized forms of the relation dyy = −ydy.
When we translate their language into the original formalization, the exterior derivative of a function f (x) is defined as follows:
where
The square of the exterior derivative operator is found to be
As commutation rules of the wedge products, dx µ ∧ dx ν = −dx ν ∧ dx µ , dx µ ∧ dy = −dy ∧ dx µ , and dy ∧ dy = 0 are assumed. Due to this, the nilpotency of d is equivalent to that of d 5 . In order to retain the relation d 2 5 = 0, they introduce several new algebraic rules. The translated version of these new rules are only the differentiation of the M itself
and the graded Leibniz rules
Eqs. (12), (13) correspond to the usual graded Leibniz rule of the differential form
where ∂ξ is the order of the differential form ξ. Utilizing these new rules,
Accordingly,
Then, the exterior derivative operator d is nilpotent for arbitrary square matrices M and f . This representation of d has advantages of both the original matrix formalization and the algebraic formalization.
By this representation, the extended connection is written as
and then the components are coincide to Eq. (8) . The connection (17) also coincides to the Dirac operator (6) by replacement (dx µ , dy) → (γ µ , γ 5 ), or, introduction of the following inner product
in a proper stage of building the Dirac Lagrangian.
To conclude, in this letter, we has shown a nilpotent matrix representation of the exterior derivative operator in NCG, by translating the noncommutative relations of the algebraic formalization into the original one. As a result, we can construct the extended gauge theory without complicated algebraic rules nor excessively large differential algebra and non-monomorphic representation.
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